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1. Introduction
Throughout this paper, let linear operators S and T defined by (Su)n = 1n+1
∑n
k=0 uk and (Tu)n = n1un, where
1un = un − un−1, on the vector spaces of all real sequences u = (un) satisfy
ST = TS = I − S, (1)
where I is the identity operator. The identity (1) is well-known as the Kronecker identity and used extensively in the proofs.
The operator of the general control modulo of the oscillatory behavior of integer orderm ≥ 1 inductively defined by
Wm = (I − S)m−1T − (I − S)m, (2)
where W 0 = T , was introduced by Stanojević [1]. For all integers m ≥ 1, define Sm = SSm−1 = Sm−1S, where S0 = I and
S1 = S, and Tm = TTm−1 = Tm−1T , where T 0 = I and T 1 = T . The operator of the general control modulo of the oscillatory
behavior of integer orderm ≥ 1 can be rewritten asWm = TmSm−1(I − S) (See [2]).
A sequence (un) is said to be left one-sidedly bounded with respect to some nonnegative sequence v = (vn) if un ≥ −vn
for all nonnegative integers n.
A sequence (un) is said to be Cesàro summable to s if (Su)n → s as n →∞. A sequence (un) is said to be (A, k) summable
to s if (1 − x)∑∞n=0(Sku)nxn → s as x → 1−. In this case, we write un → s (A, k). If k = 0, (A, k) summability reduces to
Abel summability. It is clear that un → s(A, 0) implies un → s (A, k) for all integers k ≥ 1.
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A sequence (un) is slowly oscillating [3,4] if
lim
λ→1+
lim sup
n→∞
max
n+1≤k≤[λn]
|uk − un| = 0,
where [λn] denotes the integer part of λn.
The following definition is a generalization of the concept of slow oscillation.
A sequence (un) is moderately oscillating [3,4] if for λ > 1,
lim sup
n→∞
max
n+1≤k≤[λn]
|uk − un| <∞,
where [λn] denotes the integer part of λn.
Dik [4] proved that (un) is slowly oscillating if and only if ((I − S)u)n is slowly oscillating and bounded. Dik also [4]
showed that ((I − S)u)n is bounded and (Su)n is slowly oscillating for a moderately oscillating sequence (un).
Dik [4] proved several Tauberian theorems for the Abel summability method for which Tauberian conditions were given
in terms of the conditions related to the oscillatory behavior of ((I − S)Tu)n. Stanojević and Stanojević [5] proved that
if ((I − S)2Tu)n is left one-sidedly bounded with respect to some nonnegative sequence, then slow oscillation of (un) is
recovered out of Abel summability of a sequence related to (un). Recently, Çanak and Totur [2] have given two new identities
for (2) and then shown that the condition in the main theorem of Stanojević and Stanojević [5] can be replaced by the
condition that (2) be left one-sidedly bounded with respect to some nonnegative sequence. Çanak et al. [6] showed that one
can recover convergence of a sequence from its (A, k) summability under some more general conditions than those given
in [7]. However, some conditions do not imply convergence of a sequence out of (A, k) summability. Rényi [8] constructed
an example of a sequence (un) to show that boundedness of ((I − S)u)n is not sufficient to recover convergence of (un) out
of Abel summability of (un). Assuming a mild condition on (un) together with boundedness of ((I − S)u)n provides some
information about the subsequential behavior of (un). This suggests a new kind of convergence introduced in [3] as follows.
Definition 1 ([3]). A sequence u = (un) is said to be subsequentially convergent if there exists a finite interval I(u) such
that all of the accumulation points of (un) are in I(u) and every point of I(u) is an accumulation point of (un).
ByDefinition 1,we canhave some information about the oscillatory behavior of a sequenceunder some conditions. Dik [3]
showed that if (un) is (A, 1) summable with certain conditions and ((I − S)2u)n is bounded, then (un) is subsequentially
convergent. Çanak and Totur [7] proved that if (un) is (A, 1) summable under some condition related to its oscillatory
behavior and ((I−S)m+1u)n is moderately oscillating, then (un) is subsequentially convergent. Furthermore, Çanak et al. [9],
Dik et al. [10], Çanak and Dik [11] introduced some conditions related to oscillatory behaviors of sequences to recover
subsequential convergence of sequences. Finally, Çanak et al. [12] obtained subsequential convergence of a sequence
imposing on more general conditions on the (A, k) summable sequence than those given in [7].
Our aim in this work is to generalize the results in [6] and recover subsequential convergence of sequences under some
weaker conditions than those given in [6]. Moreover, convergence of a sequence will be recovered as a special case of the
result in this work.
2. Lemmas
In this section, we state the following lemmas which we use in the next section.
Throughout this section, let µ = (µn) be defined by µn = (n+ 1)αn for any real sequence α = (αn).
Lemma 2.1 ([6]). ((I − S)1µ)n = (Tα)n.
Lemma 2.2 ([2]). For each integer m ≥ 1,
Wm =
m−1−
j=0
(−1)j

m− 1
j

TS j(I − S),
where

m−1
j

= (m−1)(m−2)···(m−j)j! .
Lemma 2.3 ([3]). Let (un) be a bounded sequence. If 1un = o(1), then (un) is subsequentially convergent.
Lemma 2.4 ([4]).
(i) For λ > 1,
un − (Su)n = [λn] + 1[λn] − n [(Su)[λn] − (Su)n] −
1
[λn] − n
[λn]−
k=n+1
k−
j=n+1
1uj,
where [λn] denotes the integer part of λn.
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(ii) For 1 < λ < 2,
un − (Su)n−[(λ−1)n]−1 = n+ 1[(λ− 1)n] + 1 [(Su)n−[(λ−1)n]−1 − (Su)n] +
1
[(λ− 1)n] + 1
n−
k=n−[(λ−1)n]
n−
j=k+1
1uj,
where [λn] denotes the integer part of λn.
3. Theorems
The following theorem will be used in the proofs in the next section.
Theorem 3.1 ([13]). Let un → s (A, 0). If (Tu)n ≥ −C for some C ≥ 0, then (un) converges to s.
We have the following theorem as an extension of Theorem 3.1.
Theorem 3.2 ([6]). Let un → s (A, 0). If (W ru)n ≥ −C for some nonnegative integer r and some C ≥ 0, then (un) converges
to s.
4. Results
Throughout this section unless otherwise stated it will be assumed that µ = (µn) is defined by µn = (n + 1) (Wmu)n
for any sequence (un).
Theorem 4.1. Let ((I − S)u)n → s (A, k) for some nonnegative integer k, and (un) be bounded. If there exists a nonnegative
sequence v = (vn) such that (∑nk=1 vkk ) is moderately oscillating and ((I − S)1µ)n is left one-sidedly bounded with respect to
(vn), then (un) converges subsequentially.
Proof. Sinceµn = (n+1) (Wmu)n, we have1µn = (Wmu)n+(WmTu)n. It follows ((I−S)1µ)n = (WmTu)n by Lemma 2.1
that (WmTu)n ≥ −vn for some nonnegative sequence v = (vn). We have, by the identity (1),
(Wm(I − S)u)n ≥ (Sv)n ≥ −C (3)
for some C ≥ 0. Applying S operator to (3) j-times, we obtain from the identity
S jWm(I − S) = WmS j(I − S)
that
(Wm(S j(I − S))u)n ≥ −C (4)
for the sequence (un). Notice that the statement (un) is (A, k) summable to s is equivalent to the statement that (Sku)n is
Abel summable to s. It follows from the identity (1) that (Sk(I − S)u)n is Abel summable to 0. After taking j = k in (4) and
r = m in Theorem 3.2, we obtain
(Sk(I − S)u)n → 0, n →∞. (5)
This means that (Sk−1(I − S)u)n is Cesàro summable to s. Since every Cesàro summable sequence is Abel summable,
(Sk−1(I − S)u)n is Abel summable to 0. After taking j = k− 1 in (4) and r = m in Theorem 3.2, we obtain
(Sk−1(I − S)u)n → 0, n →∞. (6)
Continuing in this vein, we get
(S(I − S)u)n → 0, n →∞. (7)
Since every Cesàro summable sequence is Abel summable, ((I − S)u)n is Abel summable to 0. Taking r = m in Theorem 3.2
we have ((I − S)u)n is convergent to 0. From
1
n
(Tu)n − 1n (TSu)n = ∆(TSu)n,
it follows that1un = o(1). Hence, by Lemma 2.3, (un) converges subsequentially. 
Corollary 4.2 ([6]). Let (un) → s (A, k) for some nonnegative integer k, and un be bounded. If there exists a nonnegative
sequence v = (vn) such that (∑nk=1 vkk ) is moderately oscillating and ((I − S)1µ)n is left one-sidedly bounded with respect to
(vn), then (un) converges to s.
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Theorem 4.3. Let ((I − S)u)n → s (A, k) for some nonnegative integer k, and (un) be bounded. If there exists a nonnegative
sequence v = (vn) such that (∑nk=1 vkk ) is moderately oscillating and the ((I− S)21µ)n is left one-sidedly bounded with respect
to (vn), then (un) converges subsequentially.
Proof. Since µn = (n + 1) (Wmu)n, we have 1µn = (Wmu)n + (WmTu)n. It follows that ((I − S)1µ)n = (WmTu)n by
Lemma 2.1. Applying operator S to the equality above, we have
((I − S)S1µ)n = (Wm+1u)n ≥ −vn (8)
for some nonnegative sequence (vn). Applying operator S to (8) yields from the identity
Wm+1S = WmS(I − S)
that
(WmS(I − S)u)n ≥ (Sv)n ≥ −C (9)
for some C ≥ 0. If we apply S operator to (9) j-times, we obtain from the identity
S jWmS(I − S) = Wm(S j+1(I − S))
that
(Wm(S j+1(I − S))u)n ≥ −C . (10)
We here notice that the statement (un) is (A, k) summable to s is equivalent to the statement that (Sku)n is Abel summable
to s. From the identity (1) (SkS(I − S)u)n = (Sk+1(I − S)u)n is Abel summable to 0. After taking j = k in (10) and r = m in
Theorem 3.2, we obtain
(Sk+1(I − S)u)n → 0, n →∞. (11)
This means that (Sk(I − S) (u))n is Cesàro summable to s. Since every Cesàro summable sequence is Abel summable,
(Sk(I − S)u)n is Abel summable to 0. After taking j = k− 1 in (10) and r = m in Theorem 3.2, we obtain
(Sk(I − S)u)n → 0, n →∞. (12)
Continuing in this fashion, we obtain
(S(I − S)u)n → 0, n →∞. (13)
It follows by (13) that ((I − S)Su)n = o(1). For the sequence (un)
(Wmu)n =
m−1−
j=0
(−1)j

m− 1
j

(TS j(I − S)u)n (14)
by Lemma 2.2, we obtain from (9)
((I − S)Tu)n ≥ −(vn + C) (15)
for some C ≥ 0. Applying Lemma 2.4(i) to ((I − S)Tu)n and noticing that
(I − S)Tu ≥ −(vn + C)
for some constant C , we have
((I − S)u)n − ((I − S)Tu)n ≤ [λn] + 1[λn] − n [((I − S)Tu)[λn] − ((I − S)Tu)n] +
1
[λn] − n
[λn]−
k=n+1
k−
j=n+1
vj + C
j
≤ [λn] + 1[λn] − n [((I − S)Tu)[λn] − ((I − S)Tu)n] +
1
[λn] − n
[λn]−
k=n+1
k−
j=n+1
vj
j
+ C1 log
 [λn]
n

for some constant C1. From the last inequality, we have
((I − S)u)n − ((I − S)Tu)n ≤ [λn] + 1[λn] − n [((I − S)Tu)[λn] − ((I − S)Tu)n] + maxn+1≤k≤[λn]
k−
j=n+1
vj
j
+ C1 log
 [λn]
n

.
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Taking lim sup of both sides, we have
lim sup
n
[((I − S)u)n − ((I − S)Tu)n] ≤ λ
λ− 1 lim supn [((I − S)Tu)[λn] − ((I − S)Tu)n]
+ lim sup
n
max
n+1≤k≤[λn]
k−
j=n+1
vj
j
+ C1 log λ.
Since the first term on the right-hand side of the inequality above vanishes,
lim sup
n
[((I − S)u)n − ((I − S)Tu)n] ≤ lim sup
n
max
n+1≤k≤[λn]
k−
j=n+1
vj
j
+ C1 log λ.
Taking the limit of both sides as λ→ 1+, we obtain
lim sup
n
[((I − S)u)n − ((I − S)Tu)n] ≤ 0. (16)
In a similar way from Lemma 2.4(ii), we have
lim inf
n
[((I − S)u)n − ((I − S)Tu)n] ≥ 0. (17)
From (16) and (17), we get
lim
n
((I − S)u)n = lim
n
((I − S)Tu)n.
Since
(Su)n = u0 +
n−
k=1
((I − S)u)k
k
,
from identity (2), we can write (un) as
un = ((I − S)u)n +
n−
k=1
((I − S)u)k
k
+ u0.
Thus, (un) is slowly oscillating. Therefore,1un = o(1). By Lemma 2.3, (un) converges subsequentially. 
Corollary 4.4 ([6]). Let (un) → s (A, k) for some nonnegative integer k, and (un) be bounded. If there exists a nonnegative
sequence v = (vn) such that (∑nk=1 vkk ) is moderately oscillating and the ((I− S)21µ)n is left one-sidedly bounded with respect
to (vn), then (un) converges to s.
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